Exotic spinor fields arise from inequivalent spin structures on non-trivial topological manifolds, M . This induces an additional term in the Dirac operator, defined by the cohomology group H 1 (M, Z 2 ) that rules aČech cohomology class. This formalism is extended for manifolds of any finite dimension, endowed with a metric of arbitrary signature. The exotic corrections to heat kernel coefficients, relating spectral properties of exotic Dirac operators to the geometric invariants of M , are derived and scrutinized.
that are simply connected hold an unique spin structure, since in this case the fundamental group is indeed trivial. This does not happen to manifolds that are multiply connected, which can have many spin structures, labeled by the cohomology group H 1 (M, Z 2 ). Inequivalent spin structures yielding distinct spin connections were more precisely discussed in Refs. [27, 28] . Ref. [27] used inequivalent spin structures to describe Cooper pairs in superconductivity, through exotic spinor fields.
On multiply connected manifolds, the existence of spin structures, that are not equivalent to the trivial spin structure, yield Dirac operators with an additional, exotic, term. Up to the results in Ref. [29] , the exotic term in the Dirac operator was thought to be experimentally unrealizable.
In fact, for Dirac and other regular fermionic fields, the exotic term is driven by elements of the cohomology group H 1 (M, Z 2 ). Hence, modifications of the Dirac operator, containing exotic terms, were thought to be usually encrypted as a shift of the gauge potential in the corresponding Dirac equation. However, Ref. [29] showed that when 4D QFT takes in, the dispersion relation obtained in this case is different from that one obtained by taking into account the gauge field interaction. Therefore, the exotic term can be also physically realized for mass dimension three-halves fermionic fields in 4D multiply connected spacetimes. Refs. [25, 30] already shown that mass dimension one spinor fields, in 4D spacetimes, can probe the exotic terms in the Dirac operator ruling the equations of motion of such spinor fields. Several more applications of inequivalent spin structures in physics were studied, including superconductivity and condensed matter. Ref. [31] proposed black hole physics as an origin of spacetime exoticness, naturally generating a non-trivial topology.
In this context, the Hawking radiation of exotic fermions was computed, showing that exotic terms in the Dirac operator do alter black hole evaporation rates. Exotic spinor fields were scrutinized in Refs. [25] [26] [27] [28] [29] [30] [32] [33] [34] , where various physical applications were investigated.
Inequivalent spin structures and exotic spinor fields, arising from manifolds having non-trivial topologies, can engender deep modifications on the heat kernel coefficients associated to the manifold. Due to the important status of this research line currently, we want to investigate spectral properties of the so called exotic fermionic fields, relating them to the geometric invariants of the manifold that describes the spacetime, where these fermionic fields live in. For it, the heat kernel coefficients and their exotic counterparts will make possible to define a quantity, the exotic deviation coefficient, that can probe the spectral properties of spacetimes with non-trivial topology.
Heat kernels will be used in this work, where exotic heat kernel coefficients, encompassing the exotic corrections to the Dirac operator in multiply connected manifolds in any dimension, will be derived and discussed. Related to zeta functions, heat kernel coefficients are tools to study path integrals in QFT as well as processes of diffusion and partition functions in statistical mechanics [37, 38] . The very core scheme underlying heat kernel coefficients is to devise spectral properties of bosonic and/or fermionic fields, that propagate on a given spacetime, to the inherent geometric invariants of the manifold that represents the spacetime. The heat kernel can be thought of as being a particular case of spectral functions, having an intimate relationship to the zeta function [35, 37] . Kač argued in Ref. [35] whether two given domains are congruent, once they do have the same sequence of eigenvalues. His celebrated quotation, whether one can one hear the shape of a drum [35] , consists of retrieving the geometric and topological properties of a manifold from the spectrum of a given differential operator. Calculating the heat kernel coefficients of a differential operator on a manifold provides the answer to this relevant question. In this context, the heat kernel coefficients associated to exotic Dirac operators on non-trivial topological manifolds can be also derived and studied. On the other hand, the heat kernel is also an adequate tool to study the Atiyah-Singer index theorem. In Ref. [36] a simple example, using triangles, elucidated Kač's posed question. This problem can be extended to compact Riemannian manifolds without or with boundaries [37] . With the exotic Dirac operator, computing the deviations around the standard heat kernel coefficients of trivial manifolds can inform us about the features non-trivial topological manifolds. Hence, it can clarify about the structure of inequivalent generalized spin structures. This paper is organized as follows: Sect. II is devoted to present the Clifford bundle on manifolds of any finite dimension, equipped with a metric of arbitrary signature, approaching inequivalent spin structures and the exotic Dirac operator. Sect. III is dedicated to introduce the heat kernel coefficients and to review the way they can be locally computable with respect to the geometric invariants of M. The exotic heat kernel coefficients and the respective deviations from the standard heat kernel coefficients have their calculations detailed in Sect. IV, being also discussed and scrutinized. Our final remarks are displayed in Sect. V.
II. PRELIMINARIES: EXOTIC SPIN STRUCTURES
Inequivalent spin structures on Clifford spinor bundles are here reviewed and extended, in order to define the complete exotic Dirac operator. The 5-tuple (M, g, ∇, τ g , τ t ) denotes the spacetime structure [39] , for M denoting a n-dimensional, compact, paracompact, pseudo-Riemannian spin manifold; g stands for the spacetime metric, of signature p − q, where p + q = n; ∇ is the connection associated to g; τ g defines a spacetime orientation, whereas τ t denotes a future-pointing temporal orientation. T * M [T M ] consists of the cotangent [tangent] bundle on M . The tangent bundle admits the splitting T M = (T M ) p ⊕ (T M ) q , into timelike and spacelike subbundles. Ω(M ) is the exterior bundle, constructed on the tangent bundle on M . Let φ 1 , φ 2 , φ 3 ∈ Ω(M ) be differential form fields on M . The left contraction can be defined in terms of the metric and the exterior product, denoted by "∧" by g( Aut(C p,q ), ad φ : Ξ → φΞφ −1 ∈ C p,q [39] , where Aut(C p,q ) denotes the automorphism group of C p,q . This is equivalent to the commutation of the diagram
There is also an onto mapping σ : Spin p,q → SO p,q , whose kernel consists of the group Z 2 . Therefore ad(−1) = id Spin p,q , yielding the adjoint mapping to descend to a representation of SO p,q . One regards ad this representation, consisting of ad : SO p,q → Aut(C p,q ). Hence, ad σ(φ) Ξ = ad φ Ξ = φΞφ −1 . In this context, the Clifford bundle C (M, g), can be made a vector bundle, whose sections are differential form fields. In addition, C (M, g) = P SOp,q (M ) × ad C p,q .
Refs. [25, 27, 28, 34] signature, S p,q is given by the classical spinors given by Table 1 , that carry the representations of the respective Clifford algebras in Table 2 [2] . Two spin structures (P Spin p,q (M ), s) and (P Spin p,q (M ),s) are respectively described by the map-
since ρ is a faithful representation. Deciding the type of the matrix M (k, K) and the representation space, S p,q , depends on the dimension of M and on the metric signature as well. In some cases, M (k, K) can also denote the direct sum of two identical matrices, whereas respectively S p,q can also consist of the direct sum of two representation spaces. Tables 1 and 2 make it precise which choice one must take into account, respectively, for M (k, K) and S p,q .
When the cohomology group H 2 (M, Z 2 ) is devoid of 2-torsion, one can define functions ξ i : [25, 27, 28, 34] , and
In addition,
, for all x ∈ U i . Let one considers an arbitrary spinor field ψ ∈ sec P Spin p,q (M ) × ρ S p,q . There is, then, a one-toone correspondence between elements of the cohomology group H 1 (M, Z 2 ) and a Dirac operator,
for local spin bundle sections p i :
Given the local spin bundle sections p i : U i → (P Spin p,q (M ), s), another set constituted of exotic sectionsp i : U i →P Spin p,q (M ), corresponding to an inequivalent spin structure, satisfies the following diagram:P
Locally, for all x ∈ U i ∩ U j , it permits the exotic spinor field to have the propertẙ
(2)
, it is straightforward to realize that the term
inducing a mapping between the exotic spin bundle
to the standard spin bundle, given by
such that the exotic Dirac operator can be defined as
for all sections ψ ∈ P Spin p,q (M ) × ρ S p,q and all vector fields X on M [25, 27, 28, 34] . In a chart of coordinates on M , Eq. (4) is equivalent to the exotic Dirac operator to be given in terms of the standard Dirac operator byD
As the exotic additional term in Eq. (5) is an integer in aČech cohomology class, equivalent to
where the γ matrices satisfy the Clifford commutation relations, {γ µ , γ ν } = 2g µν id C p,q and g µν denotes the metric tensor components. As ξ(x) ∈ U (1), one can write ξ(x) = e iθ(x) , for a C 1 scalar field θ : U ⊂ M → C. The exotic spin structure term, in the exotic Dirac operator (6), then reads
III. HEAT KERNEL COEFFICIENTS Let R µ νρσ be the Riemann curvature tensor, R µν = R σ µνσ the Ricci tensor, and R = R µ µ be the scalar curvature. Given a vielbein {e i } for the tangent space M , the tetrads are such that e µ j e ν k g µν = δ jk , e µ j e ν k δ jk = g µν . The inverse vielbein is defined by the relation e j µ e µ k = δ j k . It is worth to emphasize that Euclidean spaces make upper and lower indexes to be equivalent. The
Let ';' denote covariant differentiation with respect to the Levi-Civita connection of M . The
quantity Ω µν denotes the connection field strength, given by ω:
The action for the spinor fields ψ reads [37]
where / D is the Dirac operator satisfying D = / D 2 , where D is the Laplace operator. The matrix γ 5
represents the volume element, also used to define the chirality operator in QFT. The usual Dirac operator reads
where A µ [A 5 µ ] denotes the gauge vector [axial gauge vector] field, which are anti-hermitian when gauge indexes are taken into account. The operator D = /
where
Besides,
When considering compact Riemannian manifolds M with no boundary, let V be a vector bundle over M . Let f denote a smooth function on M . The operator e −tD , for t > 0, represents a trace class on L 2 (V ), being the operator function [37] ,
then, well defined, where the operator in Eq. (15) emulates the heat conduction equation solution,
One can express
As K(t, x, y, D) can be thought of as being a tensor with gauge group indexes, the operator Tr computes the trace over these indexes.
The asymptotic expansion, in the limit t → 0 can be usually employed [37] ,
Heat kernel coefficients with odd index equal zero. The even index heat kernel coefficients, a 2i (f, D)
are locally computable with respect to the geometric invariants of M , as [37] a j (f,
where the B j represent all the geometric invariants of the legnth j, composed by the Riemann tensor, by E and Ω (and their derivatives), and u are parameters determined by constraints between heat kernel coefficients. The case j = 2 yields E and R as the only independent invariants.
When M = M 1 × M 2 is factorizable, the Laplace type operator D is, therefore, written as
for a = 1, 2, is the Laplace type operator restricted to the manifolds M 1 and M 2 . Therefore, one can write e −tD = e −tD 1 ⊗ e −tD 2 , yielding [37] ,
Eq. (20) yields the constants u to be dependent on the spacetime dimension n = p + q. As posed in Ref. [37] , when one considers M 1 = S 1 , then one can choose D 1 = −∂ 2 x 1 . Hence (19),
where the f function was split as f (x 1 , x 2 ) = f 1 (x 1 )f 2 (x 2 ), for x a ∈ M a . The constants u n depend on the spacetime dimension n only by the factor (4π) −n/2 .
The heat kernel coefficients read [37] a 0 (f,
In the next section we introduce the exotic deviation coefficients, measuring the exotic corrections to the heat kernel coefficients (22 -25) .
IV. EXOTIC HEAT KERNEL COEFFICIENTS
In Sect. II the exotic additional terms in the spin connection, defining the Dirac operator, was shown to arise from the non-trivial topology of the manifold M . These exotic terms, in addition, must be renormalizable. Any spinor field, on which the Dirac operator acts, realizes the exotic term not only as a shift of the gauge potential that eventually appears in the Dirac equation (or any first order equation of motion that governs the spinor fields [23, 41] ). Inequivalent spin structures, arising from manifolds having non-trivial topologies, can also engender deep modifications on the heat kernel coefficients associated to the manifold. Exotic spinor fields were in 4D spacetimes with non-trivial topology were scrutinized in Refs. [25, 30] .
Due to the form of the exotic Dirac operator in Eqs. (6, 7) , exotic spinor fields, appearing in first order equations of motion, realize it as
where θ : (4), what is equivalent to replicate the formal aspects in Sect. II using the field hyperbolic numbers R ⊕ R, instead of the real numbers.
In fact, employing a second copy of U(1) regards pseudoscalar fields, as shown in Ref. [2, 42] .
Therefore, given the usual Dirac operator
we can write the exotic Dirac operator, using Eqs. (26, 27) as
Thereupon, looking to the exotic field strength, yields
On the other hand, the field strength (9) must be lifted to the inequivalent spin structure. Thus, the exotic connection readsω
The complete proof is accomplished in Eq. (A2) in Appendix A. Collecting the computations in ,
To recover the usual field strength (9), one just sets θ and θ 5 to 0.
Next, let us figure out one of the invariants in the heat kernel coefficients. At first, the exoticE invariant can be written as,
Endowed with the expressions (31), (A3) and (34) , respectively for the exotic field strengths and the exotic E invariant, one can now compute the exotic heat kernel expansion.
On the other hand, the exotic counterparts of the heat kernel coefficients take into account all the exotic contributions, that measure the topological non-triviality of M . Clearly, exclusively geometric terms, involving the Riemann tensor and its contractions, remain invariant, as they are not topological terms. The exotic heat kernel coefficients are then given bẙ 
To measure the deviations of the exotic heat kernels coefficients (35 -38) with respect to the standard ones (22 -25) , associated to topologically trivial manifolds, we define the exotic deviation
The results for the leading heat kernel coefficients are explicit in what follows. First,
Hence δa 0 (f, D) = 0 and there is no effects due to the exotic topology in the heat kernel coefficient (40) .
Using Eqs. (23, 34) , the second exotic deviation coefficient reads
so that
Besides, the exotic correction to the fourth heat kernel coefficient reads
where the fourth exotic deviation coefficient is given by
The terms in (45) are expressed as
and
Finally, the sixth exotic deviation coefficient can be derived from the analysis of the sixth exotic heat kernel coefficient, (38) , aså
where 
where the exotic terms in Eq. (53) are displayed in Appendix A, throughout Eqs. (A10 -A43).
All the even exoticå 2i (f, D) heat kernel coefficients can be similarly computed for any manifold with non-trivial topology. The further steps consist of computing the coefficientå 8 (f, D), based on
Ref. [45] , whereaså 10 (f, D) can be analogously derived, using the general formula of the coefficient a 10 (f, D) in Ref. [44] . However, it is not our aim here, since the computations of the a 6 (f, D)
coefficient involved already ten pages of Appendix A.
V. CONCLUSIONS
This work was motivated by the heat kernel spectral approach to understand specific geometrical and topological properties of non-trivial manifolds without boundaries, employing exotic spin structures. It was implemented through the exotic additional term described by an integer in aČech cohomology. In fact, the form of the exotic Dirac operator is made explicit in Eq. (29) . Therefore one can use this form to describe the equations of motion, whatever the spinor field is [25, 30] . The The exotic field strength can be obtained as
Thus, the exotic connection must be defined as
Besides, the exotic version of the field strength (9) reads
As well as the field strength calculated previously, we go now to determine each term of the full field strength separately, as follows:
First, the commutator,
Second, consideringD
Using the commutator obtained in (A4), we get
The last computation becomes
Now, the terms involving sixth exotic deviation coefficient (38) , read 
since Θ (R) = 12R ;αα + 5R 2 − 2R ρσ R ρσ + 2R ρσαβ R ρσαβ .
